
f(R) Theories of Gravity with Non-minimal 
Curvature-Matter Coupling  

Orfeu Bertolami 

Instituto Superior Técnico 
Departamento de Física 

(http://web.ist.utl.pt/orfeu.bertolami/homeorfeu.html) 

Invisible Universe International Conference 
29 June -03 July, 2009,  

UNESCO, Paris  

Energy conditions and stability 

    Implications  

f(R) theories of gravity with non-minimal curvature-matter coupling 



General Relativity  
(              ) 

•  GR has survived all tests so far… 
     [C. Will, gr-qc/0510072] 
     [O.B., J. Páramos, S. Turyshev, gr-qc/0602016] 

•  Parametrized Post-Newtonian Formalism (U-gravitational potential,      velocity) 

•  Local (solar system) tests 

Mercury´s perihelion shift:                                                                      [Shapiro 1990] 

Lunar Laser Ranging:                                              [Williams, Turyshev, Boggs 2004] 

LBLI light deflection:                                                                     [Eubanks et al. 1997] 

Cassini Experiment:                                                          [Bertotti, Iess, Tortora 2003] 



Summary of the General Relativity Tests 



•  Outstanding challenges (GR + Quantum Field Theory) 
–  Singularity Problem 
–  Cosmological Constant Problem 
–  Underlying particle physics theory for Inflation  

•  Theory provides in the context of the Big Bang model an impressive 
picture of the history of the Universe 
–  Nucleosynthesis               (             ,                                    ) 
–  Cosmic Microwave Background Radiation 
–  Large Scale Structure 
–  Gravitational lensing 
–  … 

•  Required entities (missing links): 
–  Dark Matter 
–  Dark Energy 

Cosmological Tests of General Relativity 



•   Evidence: 

      Flatness of the rotation curve of galaxies 
      Large scale structure  
      Gravitational lensing  
      N-body simulations and comparison with observations 
      Merging galaxy cluster 1E 0657-56 
    Massive Clusters Collision Cl 0024+17 
      Dark core of the cluster A520 

•  Cold Dark Matter (CDM) Model  

  Weakly interacting non-relativistic massive particle at decoupling 

•  Candidates:  

     Neutralinos (SUSY WIMPS), axions, scalar fields, self-interacting scalar 
particles (adamastores), etc. 

Dark Matter 



Merging Galaxy Cluster 1E 0657-56  
[Clowe et al., astro-ph/0608407] 

“Bullet” Cluster 



Massive Clusters Collision Cl 0024+17  
[Jee et al., astro-ph/0705.2171] 

Ring-like dark matter structure 



Dark core of the Abell 520  
[Mahdavi et al., 0706.3048(astro-ph)] 

Collisional dark matter ?  



[O.B., Rosenfeld 2008]  

Self-Interacting Dark Matter 

Higgs decay width 

 [Bento, O.B., Rosenfeld, Teodoro 2000] 
                  [Siveira, Zee 1988]  
          [Bento, O.B., Rosenfeld 2001] 

[Spergel, Steinhardt 2000] 

Model: 

Motivation: “cuspy core” problem  

Unified model for dark energy – dark matter:  



•   Evidence:  
      Dimming of type Ia Supernovae with z > 0.35  
      Accelerated expansion (negative deceleration parameter): 
                        [Perlmutter et al. 1998; Riess et al. 1998, …] 

•    Homogeneous and isotropic expanding geometry 
      Driven by the vacuum energy density ΩΛ and matter density ΩM  

       Equation of state:   

•   Friedmann and Raychaudhuri equations imply:  

     q0 < 0 suggests an invisible smooth energy distribution 

•   Candidates:  
     Cosmological constant, quintessence, more complex equations of state, 

etc. 

Dark Energy 



   Supernova Legacy Survey (SNLS) 

[Astier et al., astro-ph/0510447]  



 D.N. Spergel et al., astro-ph/0603449 

WMAP 3 Year Results                 



      WMAP 3 Year Results 

WMAP 3 + SNLS: 

D.N. Spergel et al., astro-ph/0603449 



      WMAP 5 Year Results 
E. Komatsu et al., 0803.0547 [astro-ph] 





Generalized Chaplygin gas model 

Generalized Chaplygin gas 

          : Chaplygin gas 

Dust           : stiff  matter De Sitter 

•  Unified model for Dark Energy and Dark Matter 

Generalized d-brane 

          : d-brane 

                                 [Bento, O.B., Sen 2002] 



Dark Energy - Dark Matter Unification: 
Generalized Chaplygin Gas Model 

–   CMBR Constraints              [Bento, O. B., Sen 2003, 2004; Amendola et al. 2004, Barreiro, O.B., Torres 2008] 

–   SNe Ia                                                            [O. B., Sen, Sen, Silva 2004; Bento, O.B., Santos, Sen 2005] 

–   Gravitational Lensing                                                                                                            [Silva, O. B. 2003] 

–  Structure Formation * 

                                 [Sandvik, Tegmark, Zaldarriaga, Waga 2004; Bento, O. B., Sen 2004; Bilic, Tupper, Viollier 2005; …] 

–  Gamma-ray bursts                                                                                                                    [O. B., Silva 2006] 

–  Cosmic topology                                                                                   [Bento, O. B., Rebouças, Silva 2006] 

–  Inflation                                                                                                                    [O.B., Duvvuri 2006] 

–  Coupling with electromagnetic coupling                                            [Bento, O.B., Torres 2007] 

–  Coupling with neutrinos                                                                                 [Bernardini, O.B. 2007] 

Background tests:  

€ 

α ≤ 0.35,

€ 

0.8 ≤ As ≤ 0.9

Structure formation and BAO: 



Dark Matter  Modified Newtonian Dynamics (MOND) 
   [Milgrom 1983, Bekenstein, Milgrom 1984, ..., Bekenstein 2004] 

New f(R) modified theory of gravity 
[O.B., Böhmer, Harko, Lobo, Phys. Rev. D 75 (2007) 104016 ] 

•  Model: 

fi(R) – arbitrary functions of R           (                        ) 

•  Energy-momentum tensor of matter is not necessarily conserved: 

•  Motion is non-geodesic: 

•  For a perfect fluid: 



Dark Matter  Modified Newtonian Dynamics (MOND) 
[Milgrom 1983, Bekenstein, Milgrom 1984, ..., Bekenstein 2004] 

 Motivation: Flatness Rotation Curve of Galaxies 

a0 ≈ 1.2 × 10-10 m/s2 - universal acceleration 

Tully-Fisher Law:       as 

TeVeS2 version: F-function problem 



MOND 

Tensor-Vector-Scalar field theory, S = Sg + Ss + Sv + Sm: 

Conformal transformation to the physical metric:      



Consistency 

•  PPN:                                   (see however O.B., Páramos 2006) 

             i) (Potentially) compatible  
                        [Skordis, Mota, Ferreira, Boehm 2005] 

•  CMBR 

                   ii) Problem with the third peak  
                        [Slosar, Melchiorri, Silk 2005] 

•  Gravitational lensing – great potential for testing 
                        [Zhao, Bacon, Taylor, Horne 2005] 



Scalar field: 

Vector field:  

•  Timelike vector tracks the metric  

    consistent with eq. of motion 

•  Einstein eq. 

     

MOND in Post-Newtonian regime 

[Bekenstein 2004] 



•  Parametrization of the metric 

•  Expansion of Einstein eq. up to order r - 4 

•  Solution: 

•  Transformation into physical, isotropic PPN metric yields 

  (like GR !) 



•  Assume 

•  Solve eq. of motion of the vector field 

with the expansion 

•  Solve for γ1 and γ2 and expand quantities in Einstein eq. 

•  Solution: 

Dynamical solution for the vector field 



•  Transformation into physical, isotropic PPN metric yields: 

•  Gives rise to a non-diagonal component and  

(different from GR!) 

Constraint |β - 1| < 6 × 10-4  
allows for k < kup  

[Giannios 2005] 
[O.B., Páramos 2006] 

,     γ  = 1 



Can MOND take a bullet ?  

•  Dark halo made of neutrinos:  
•  Not quite !                    [Takahashi, Chiba, astro-ph/0701365] 

Neutrino oscillations:  

Tremaine-Gunn bound:  

Core density (Hernquist profile): 

A1689:  

[Angus, Shan, Zhao, Famaey 2006] 



New f(R) modified theory of gravity 

Hence                               and as                                it follows that             

and the Tully-Fisher law as L~M 

[O.B., Böhmer, Harko, Lobo, Phys. Rev. D 75 (2007) 104016 ]   

•  Implications: 

•  MOND-like behaviour: extra force and Tully-Fisher law  (              ) 

If aN<<a: 



New f(R) modified theory of gravity 

•  Pioneer-like acceleration:                                                                                                                                        

[O.B., Böhmer, Harko, Lobo, Phys. Rev. D 75 (2007) 104016 ]   

•  Implications: 

[Anderson, Laing, Lau, Liu, Nieto, Turyshev 2002] 
[O.B., Páramos 2004] 

•  However, most likely the Pioneer anomalous acceleration is due to  
on-board thermal effects   

[O.B., Francisco, Gil, Páramos 2008] 



New f(R) modified theory of gravity 
[O.B., Böhmer, Harko, Lobo, Phys. Rev. D 75 (2007) 104016 ]   

•  Stellar stability  
  [O.B., Páramos, Phys. Rev. D77 (2008)] 

•  On the non-trivial gravitational coupling to matter 
  [O.B., Páramos, Class. Quant. Grav. 25 (2008)]  

•  Non-minimal coupling of perfect fluids to curvature (Poster) 
  [O.B., Lobo, Páramos, Phys. Rev. D78 (2008)] 

•  Non-minimal curvature-matter couplings in modified gravity (Review) 
  [O.B., Páramos, Harko, Lobo, arXiv:0811.2876 [gr-qc]] 

•  Energy Conditions and Stability in f(R) theories of gravity with non-minimal       
  coupling to matter 
  [O.B., Sequeira, Phys. Rev. B79 (2009)] 

•  Mimicking dark matter through a non-minimal gravitational coupling with    
  matter   
  [O.B., Páramos, arXiv:0906.4757 [astro-ph.GA]] 



 Energy Conditions and Stability  
                       [O.B., Sequeira, Phys. Rev. B79 (2009)]   

•  Physical Viability 

  - Match GR Parametrized Post-Newtonian behaviour at solar system 
    [O.B., Páramos, Class. Quant. Grav. 25 (2008)]  

  - Can lead to a phenomenologically consistent cosmology if  
    Energy Conditions are satisfied: 
       Strong Energy Condition (SEC) (Gravity is attractive) 

       Null Energy Condition (NEC) (Gravity is attractive) 

       Dominant Energy Condition (DEC) (                    ) 

       Weak Energy Condition (WEK) (Positive energy density) 

 - Instability Free 

       Dolgov-Kawasaki instability 

- Ghost free, well posed Cauchy problem, correct cosmological             
perturbations, ... 



Action and Field equations 

Formalismo Métrico Action: 

Field equations: 

Effective energy-momentum tensor non-conservation: 

Eq. motion test particle: 
        (Perfect fluid) 



Action and Field equations 

Formalismo Métrico 
Field equations: 

Effective energy-momentum tensor: 

  Effective gravitational coupling: 



Effective quantities 

Formalismo Métrico 
Perfect fluid: 

Robertson-Walker metric: 

Effective energy-density: 

Effective pressure: 

Effective gravitational coupling: 



Kinematical Quantities 
Aplicação a uma classe de modelos 

•  Flat Robertson-Walker metric 

•  Deceleration (q), jerk (j), snap (s) parameters 



Energy Conditions 

•  Raychaudhuri eq. for the expansion parameter for a 
congruence of timelike geodesics 

•  Raychaudhuri eq. for a congruence of null geodesics 

•  Condition for attractive gravity   



Energy Conditions 

•   SEC 

•      NEC 

Warrant that gravity is geometrically attractive 

•     SEC 

•     NEC 



Energy Conditions 

•     DEC 

•     WEC 

                                           Transformations  
                (GR  f(R) theory with non-minimal coupling) 



Energy Conditions 

•   Models 

•     Energy conditions: 



Energy Conditions 
Aplicação a uma classe de modelos 

•  Results 

b=0 



Aplicação a uma classe de modelos 

•  SEC 

•  NEC 

•  DEC 



Aplicação a uma classe de modelos 
•  WEC 

•  Positive gravitational coupling               

•  Dolgov-Kawasaki criterion (aDK=bDK=0) 



Dolgov-Kawasaki Instability 

Fundamento Teórico •  Dynamical eq. for the scalar curvature 

•  Perturbative equation 

•  Stability Criterion  



Dolgov-Kawasaki Criterion 
Aplicação a duas classes de modelos 

•  Models 

•  Stability conditions 



Dolgov-Kawasaki Criterion 
Aplicação a duas classes de modelos 

•  Results 

a=b=0 



Dolgov-Kawasaki Criterion 

Aplicação a duas classes de modelos 
•  Models 

•  Stability condition 

R>0 



Conclusions 

-  New f(R) modied theories of gravity with non-minimal curvature- 
matter coupling have quite interesting phenomenological 
implications 

-  They are shown to be physically consistent and all energy 
conditions depend on the geometry as well as on the matter 
Langragian and parameters (ε, λ) 

-  For a given model all energy conditions, positive effective 
gravitational coupling and stabiltiy condition can be expressed 
in terms of a single type of inequality with suitable parameters 



New f(R) modified theory of gravity 

Hence                               and as                                it follows that             

and the Tully-Fisher law as L~M 

•  Pioneer-like acceleration:                                                                      

[O.B., Böhmer, Harko, Lobo, Phys. Rev. D 75 (2007) 104016 ]   

•  Implications: 

•  MOND-like behaviour: extra force and Tully-Fisher law  (                 ) 

If aN<<a: 

[Anderson, Laing, Lau, Liu, Nieto, Turyshev 2002] 
[O.B., Páramos 2004] 


