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Outline

x Conformal transformations

x Conformal transformations and alternative gravity
(specifically f(R)-gravity)

x 1+3 conformal transtormation
x transformation of the 1+3 covariant approach

x [ransformation of the CoGl theory of perturbations for
f(R)-gravity

®x An example with a toy model
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Conformal transformations (G1)

Conformal transformations in Riemannian geometry are defined as

dab — gab 1 T(t, $)gab

with 1> 0. They preserve angles and the signature of the manifold.
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x CTs are used in many different fields including Relativity

singularity

event 2~
horizon

® [hey also have interesting applications in alternative gravity...
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Fourth Order Gravity

In homogeneous and Isotropic spacetimes a
general Lagrangian for fourth order gravity in
presence of matter is

L = /=g [f(B) + 2L (3:9%")

varying with respect to the metric gives

I

F(R)Rap — 5 Gab fLR) = F(R).cd (9595 — 9avg™") + Toy

where =G L)
ab /‘__g 5gab

and F' denotes the derivative of f with respect to R.
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f(R)-gravity and CT

®x [hese theories emerge as low
energy limit of fundamental
theories, like M-theory or
supergravity

= [hey have recently been used to
model Dark-Energy:with-some
SUCCESS...

» However one of the issues of s
these theories is their complexity. e~
due to the non linearities and the af;ﬁ;;‘gfg"%g;;;fe;;“;”jo‘\c%ff;sfi?;ﬁ*:?
additional degrees of freedom.

not ve tolergted/”

x Cls are important for these models: they reduce complex
theories: of gravity-to Einstein gravity plus a minimally coupled
scalar field, which is easier to treat.
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CT In alternative gravity

® |n alternative gravity however a conformal transformation is not just
the geometrical transformation showed above...

JOrdaﬂ Initial set Final set :iﬂs’[eiﬂ
of metric and of metric and 3
Frame fields fields Frame

Y

7

CT

metric + lela
transformation reaetinition
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The 1+3 covariant approach
(in brief)

A u? is Introduced, e.g., the fluid flow of galaxy
cluster or any fluid flow in-cosmology or astrophysics.

The remaining

From u® we construct the projection onto surfaces orthogonal to
the tlow: har=gu FUqtp

d
Three-volume form: Napve = U Nabed

Covariant convective derivative and hab
projected derivative:

X.o=uNVoX., N X.=h WV, X,
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Kinematics of U2 gives the kinematics of the model

acceleration expansion shear vorticity

Vup = —uaab+§@hab+0ab+wab

A general energy-momentum tensor can be decomposed relative
to u® and hap

flux
energy density pressure anisotropic pressure
— R e
Lab = U Ub + Ga U+ Ua Qb+ P ab + Tab

Obtain a set of propagation and constraint equations for these
variables based:on-Ricci-and Bianchiidentities: the 1+3
equations.

Covariant variables have an clear physical interpretation and can
be used to investigate both the exact models and perturbations.
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1+3 Conformal Transformation

x| et US now see the conformal transtformation in this formalism.
We start with the geometric transtormation.

ha,b T Eab coTe Thab
Gab — gab 323 T(t, x)gab se

Ug — Ug ooe \/Tua

change of observer @odscelerationation

n \\/ith this we can transform the derivatives...

L 1 1
X R Y
a /T E Tu (bva) 2T
73t 2 1 ~ 1
e Xg = Ngg T a=X eVa T A heaXT TT :
v v S v

Ug X' VX
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Thus the transformation of the kinematic quantities Is

il B S
@ﬁ<@2T>, dp = dp ’

Oab — \/T%b, Wab = \/Twab

and the one of the thermodynamical ones

3 S s R p
,u:Tabuub:%, ng abhab:T7
Qo = — Tbc ﬂb Eca et i Tab — Tcd BC(a Edb) — Mab

= \Nith this we can transform all of the 1+3 equations...
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143 Conformal Transformation

x | et us look now at the field redefinition.

b @
Inertial

Observer
Accelerated + ER_esemb:—gfs
observer mste_ln Ift
experiment

New
Interaction

x [he transformation of the kinetic guantity T In the matter field ¢ is
the core of the physical change in the CTs.
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143 C1 and f(R)-gravity

x \When one performs the CT in f(R)-gravity...

/./ AT a v oW 2 -
A
o )
W ]
w ]
w |
o ]
" ]
[ {
W ]
" ]
¥ ]

X 4

eV LV LV, .,V >

x [he accelerated observer dynamics is such to compensate
mostiiheeffecCtSioffotrthorderrgravity

x  Only terms that can e associated to the contribution of a
scalar:field:arereft::

x _..and of course the non minimal coupling with matter
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Cosmological Perturbations

The 1+3 covariant approach allows to construct a covariant and
gauge invariant theory of perturbations.

Exact 1+3 equations
valid in any spacetime.

Linearize by dropping Variables that vanish
all terms that are O(2) iIn chosen background
and higher are O(1) and Gil.
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Scalar Perturbations variables

The basic set of scalar inhomogeneity variables is:

2 ~ ~ 5
AT = 5 V2™, 7 = §*V°0O . C = S*V°R,

but one might need others, depending on the degrees of
freedom of the theory analyzed. Also they are not independent.

Let see how they behave under CT

A=Y (A—SQV2T) :

T

7 ( V2T T V2Y V2T
Z =~/ Z——2 Y —2
X i T S ARt 25 MR
25 : T T T2 V2Y 37\ V27T
2504044 oo 2 4 3 oy 47 3
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Scalar Perturbations of f(R)-gravity
(Jordan Frame)

Let us now compare the perturbations in the two frames. The
H-I1 background in JF can be described by

P R ol

(11

N =

O+ 207 + L (u™ + 3p™)

JHEE SIS
s (RE = f)=0OF + V*F|

I 1
N = N

essrsaees arees 2 . ]
(f—RF)+F+§@F—§V2F—abeF ,
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Scalar Perturbations of {(R)-gravity (JF)

The perturbations variables we need are

R = S*°V?R,
T T G

The perturbation equations can be then written as

AO AN RN el DR (D)
FIRE L ERY £ FRY = gAY L HAW

= [he coefficients are very complicated functions of first order
quantities.

» [his system present many difference with respect to the GR
counterpart.
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Scalar Perturbations of f(R)-gravity
(Einstein Erame)

The H-1 background can be described by
SR Sﬁme(_ ¥ 2/%) 4312 i

5
6 + 102 4 Lipm 4 aprye VA L0 | ey
2 2 1
45 —m —m —10 =11 =\ 4T
R @, = SRR R 3 =0,
f e

23 1

o W)= (3 - ) V)




Scalar Perturbations of f(R)-gravity (EF)

The perturbations variables we need are

e -
G + SQVQW

The perturbation equations can be then written as
AZZ) —AA (@) —|—BA(@ HE (I)(g) —|—D(I)(€),
(I)](Lz) s (I)(é) =k (I)(g) + G A(g) + H A(E)

« [he equations have a similar differential structure and the
same scale dependence

= [hey differ in the properties of the long wavelength limit as it
was anticipated by the transformation of the variable C.
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A worked example: R-gravity.

Let us look to a concrete example based on a toy model:

L = /=g [xB" + 2L (3, "]

2 : S ‘(n 23 i i
L {R 9" Va0V = ¥ ¢ fﬁ*fﬁf S ¢ i fﬁ 4 ab)}
The background transforms as 3t
e £\ 3Cn=3)(w+1)
25 (7) L3
£\ FEn : i
grospta oot ()
o
S So(n X) 63\(/?2@ = 3
(w+ 1)t g

gb:gbO_SmX
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A worked example: R"-gravity.

and we can compare the behavior of the LW matter fluctuations

1A]
0.00005

0.00004

0.00003

0.00002

0.00001

therelis-a difference non-only in-the rate of growtn...
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...but also In the presence of oscillations

Al
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Cconclusions

x \\e have used the covariant approach to investigate the
physics behind the conformal transtormations in:cosmology

x \\e have discovered that these transformation can be seen as
a change from an inertial to-an-accelerated olbserver and a
fleld redefinition.

® [he real change in the physics however only take place when
one defines the new: scalar fiela.

x \\Ne have seen the differences between the Einstein and the
Jordan frame at background and perturbations level,
discovering the key physical differences.
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