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The The CosmologicalCosmological  ConstantConstant
ProblemProblem

 At the Planck eraAt the Planck era

ForFor a  a pioneeringpioneering review on  review on thisthis  problemproblem  seesee S.  S. WeinbergWeinberg, Rev. , Rev. Mod.Mod.  PhysPhys. . 6161, 1 (1989)., 1 (1989).
ForFor more  more recentrecent and  and detaileddetailed  reviewsreviews  seesee V.  V. SahniSahni and A. Starobinsky, Int. J. Mod.  and A. Starobinsky, Int. J. Mod. PhysPhys..
D 9D 9, 373 (2000), , 373 (2000), astro-phastro-ph/9904398; N. /9904398; N. StraumannStraumann, , The The historyhistory of the  of the cosmologicalcosmological
constantconstant  problemproblem  gr-qcgr-qc/0208027; /0208027; T.PadmanabhanT.Padmanabhan, , Phys.Rept.Phys.Rept.  380380, 235 (2003),, 235 (2003),
hep-thhep-th/0212290. /0212290. SeeSee the  the ArXivArXiv  forfor  otherother  recentrecent  reviewsreviews……
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Wheeler-DeWheeler-De  WittWitt  EquationEquation
B. S. B. S. DeWittDeWitt, , PhysPhys. Rev.. Rev.160160, 1113 (1967)., 1113 (1967).
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 GGijklijkl  isis the  the super-metricsuper-metric, , κ =κ =88ππG and G and ΛΛ  isis the the

cosmologicalcosmological  constantconstant
 R R isis the scalar curvature in 3-dim. the scalar curvature in 3-dim.

 ΛΛ  can can bebe  seenseen  asas  anan eigenvalue eigenvalue
 ΨΨ[[ggijij] can ] can bebe  consideredconsidered  asas  anan  eigenfunctioneigenfunction
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Re-writingRe-writing the WDW  the WDW equationequation
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Eigenvalue Eigenvalue problemproblem
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Solve Solve thisthis infinite  infinite dimensionaldimensional PDE  PDE withwith a Variational a Variational
ApproachApproach

ΨΨ  isis a trial  a trial wavewave  functionalfunctional of the  of the gaussiangaussian  typetype
SchrSchröödingerdinger Picture Picture

SpectrumSpectrum of  of ΛΛ  dependingdepending on the  on the metricmetric
Energy (Density) Energy (Density) LevelsLevels
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Integration rules on Gaussian wave functionals
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Form of the background

!
( )
!
( )
!
( )0 1 2

3

Consider  

1

ij ij ijg g h

d x

V !

"
# # #

#

"

$
= %

= +

& '( $ +$ +$ + (
) *+ ,

( (

- "

( )
( )

( )
2

2 2 2 2 2 2 2
sin

1

dr
ds N r dt r d d

b r

r

! ! "= # + + +

#

N(r)  Lapse function

b(r)  shape function

for example, the Ricci tensor in 3 dim. is
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CanonicalCanonical  DecompositionDecomposition

( )

ij ij ijg =g +h
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  h  h isis the trace (spin 0) the trace (spin 0)
 (L(Lξ)ξ)ijij  isis the  the gaugegauge part [spin 1 ( part [spin 1 (transversetransverse)  + spin 0)  + spin 0

((longitudinallongitudinal)]. )]. ItIt  isis  relatedrelated  toto the  the F.PF.P  determinantdeterminant ( (ghostsghosts))

   hh⊥⊥ijij  representsrepresents the  the transverse-tracelesstransverse-traceless  componentcomponent of the of the
perturbationperturbation    gravitongraviton (spin 2) (spin 2)

M. Berger and D. Ebin, J. Diff. Geom.3, 379 (1969). J. W. York Jr., J. Math.
Phys., 14, 4 (1973);  Ann. Inst. Henri Poincaré A 21, 319 (1974).

The canonical decomposition is equivalent

to a gauge fixing procedure with the gauge
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CanonicalCanonical  DecompositionDecomposition
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Jacobian related to the F.P. determinant  Order by order
ghosts do not contribute in this approach 
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GravitonGraviton  ContributionContribution: : RegularizationRegularization
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• Zeta function regularization  Equivalent to the Zero Point Energy
subtraction procedure of the Casimir effect
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Isolating the divergence
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RenormalizationRenormalization   Bare Bare cosmologicalcosmological  constantconstant  changedchanged  intointo
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Eliminate the dependance on Eliminate the dependance on µµ and impose and impose
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ExampleExample: the Schwarzschild Case: the Schwarzschild Case

 At the scale At the scale µµ00
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A A BoundBound on  on Λ Λ at the scale at the scale µµ00
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ExampleExample: the : the dSdS and  and AdSAdS  CasesCases
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Adopting the same procedure of the Schwarzschild case, the induced  Λ  becomes

For the dS case on the horizon
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ExtensionExtension  toto f(R)  f(R) TheoriesTheories
[[S. Capozziello and R.G., Class. Quant. S. Capozziello and R.G., Class. Quant. GravGrav., 24, 1627 (2007)]., 24, 1627 (2007)]

 A A straightforwardstraightforward  generalizationgeneralization  isis a f(R)  a f(R) theorytheory  substitutingsubstituting the the
classicalclassical  LagrangianLagrangian  withwith
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dimensions



1717

( )0 0We can alway set  ,  to zero whenrµ!
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( ) ( )Explicit Choice: exppf R AR R!= "
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f(R) f(R)   dSdS and  and AdSAdS  casescases
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ConclusionsConclusions, , ProblemsProblems and Outlook and Outlook

 ChangeChange the  the formform of f(R) of f(R)
 Discrete Discrete LichnerowiczLichnerowicz  spectrumspectrum..
 massivemassive  gravitongraviton??????
 In progress, In progress, spectrumspectrum of  of sphericallyspherically  symmetricsymmetric

metricsmetrics

 Wheeler-DeWheeler-De  WittWitt  EquationEquation   Sturm-Liouville Sturm-Liouville
ProblemProblem..

 The The cosmologicalcosmological  constantconstant  isis the eigenvalue. the eigenvalue.
 Variational Variational ApproachApproach to the eigenvalue  to the eigenvalue equationequation

((infinitesinfinites).).
 Eigenvalue Eigenvalue RegularizationRegularization  withwith the zeta  the zeta functionfunction

  CasimirCasimir energy  energy gravitongraviton  ccontributionontribution to the to the
cosmologicalcosmological  constantconstant..

 RenormalizationRenormalization and  and renormalizationrenormalization  groupgroup
equationequation. .   ApplicationApplication  toto the Maxwell  the Maxwell chargecharge..


